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Abstract

We consider Dirac operators H in R® with spherically symmetric potentials. The
main result is a criterion for eigenvalue accumulation and non-accumulation at
the endpoints —1 and 1 of the essential spectrum under rather weak assumptions
on the potential. This result is proved by showing an analogous criterion for
the associated radial Dirac operators H, and by proving that for |« | sufficiently
large, each H, does not have any eigenvalues in the interval (—1, 0] and [0, 1),
respectively, of the gap (—1, 1) of the essential spectrum. For the latter,
properties of solutions of certain Riccati differential equations depending on
the parameter « and the spectral parameter are used.

PACS numbers: 03.65.Pm, 02.30.Hq, 02.30.Tb
Mathematics Subject Classification: 81Q10, 34L40, 35Q40

1. Introduction

For the radial Dirac operators H,, k € Z\ {0}, associated with the Dirac operator H in L*(R%)*
with a spherically symmetric potential V, criteria for eigenvalue accumulation and non-
accumulation at the endpoints —1 and 1 of the essential spectrum are well known (see [4,
10]). However, these criteria do not allow to draw conclusions for the Dirac operator H itself,
which is the direct sum of the radial Dirac operators H,, k € Z\{0}: even if an endpoint is no
accumulation point for any H,, it could well be an accumulation point for H.

In this paper, we solve the problem of eigenvalue accumulation at —1 and 1 for the Dirac
operator H. To this end, we show that for |«| sufficiently large, each H, does not have any
eigenvalues in the interval (—1, 0] and [0, 1), respectively. For the proof of this fact we develop
a theory for Riccati differential equations depending on two parameters (x and the spectral
parameter), which is also of independent interest. As a second ingredient, we study principal
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solutions of Dirac systems depending on parameters and establish comparison theorems for
them.

The paper is organized as follows: In section 2, we study families of Riccati differential
equations of the form

7 (x) = a(x, )»)z(x)2 +2xb(x, M)z(x) + c(x, L), x €,

on an interval Q = (0, w] where k € I := R\(—8, 8) with some constant 8 > 0 and A is a
parameter varying in some interval A C R, and we investigate the behaviour of their solutions
for k — Zoo. For this purpose, we reduce the Riccati equation to an integral equation and
we apply a technique related to the method used in [1] for the uniform asymptotic integration
of linear differential systems.

In section 3, these results are used for a detailed analysis of fundamental matrices of Dirac
systems

, a(x,X) «b(x,\) _ (0 1
Jy(x)+<l(b(x,k) c(x,k))y(x)_o, x €, J._<_1 O)

depending on « and A. The eigenvalue equation for each radial Dirac operator is a special case
of such a system for whichb(x, A) = 1/x,a(x,A) = V(x)—1—Aandc(x,A) = V(x)+1—A.
Section 4 contains a comparison theorem for Dirac systems of the general type above.

In section 5, we study the Dirac operator H in L2(R*)* with spherically symmetric
potential V' e L{> (0, 00) such that lim,_., V(x) = 0 and limsup,_,4 |[xV (x)| < %«/5 The
operator H can be decomposed as a direct sum of radial Dirac operators

(k)
H=—ia-V+B+ V(x| = EB EB H,
K€Z\{0} £=1
where
) —1+V() €
Hey(x) = Jy'(x) + ( e, %/(x)) Y@, xe(0.00).

For the operator H and the radial Dirac operators H, the essential spectrum is well known to
be R\(—1, 1).

For the radial Dirac operators H,, we show that the eigenvalues in (—1, 1) accumulate,
e.g., at 1 if limsup, ,  x*V(x) < —é(ZK + 1)? and they do not accumulate at 1 if
liminfy_ o X2V (x) > —%(2/{ + 12 This is a generalization of a result in [10] which
was proved by applying the Levinson theorem (see [2]) and required in addition that
fol |V (x) — §| dx < oo with some p € |0, % 3).

The key point of this paper is theorem 5.1 showing that liminf,_, ., x>V (x) > —oo
already implies that H, has no eigenvalues in [0, 1) for sufficiently large |«|. For the proof,
the results of section 3 are used to show that a necessary interface condition for solutions of
the eigenvalue equation in (0, ] and [w, 00) cannot be satisfied.

Finally, theorem 5.1 and the eigenvalue accumulation criterion for the radial Dirac
operators together show that the eigenvalues of the Dirac operator in (—1, 1)

accumulate at 1 if limsupx®V(x) < —g,
X—>00

do not accumulate at 1 if liminf x>V (x) > —é.
X—>00

An analogous result holds for the other endpoint —1.
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2. Riccati equations depending on some parameter

In this section, we study a family of Riccati differential equations
Z(x) = a(x, Mz(x)* + 2cb(x, Mz (x) +c(x, 1), x€Q, 2.1)

on an interval Q = (0, w],0 < w < oo, where k € [ := R\(—p, f) with some constant
B > 0 and A is a parameter varying in some interval A C R. We assume that the coefficients
a,b,c:Q x A —> Rsatisfy the following conditions:

(i) The functions b(-, A) are locally integrable on €2 for all A € A, the functions b(x, -) are
continuous on A for all x € €2, and there exists a locally integrable function B: & — R
such that 0 < b(x, 1) < B(x) forall (x,A) € Q2 x A and a point £ € (0, w) such that

8= inf/ b(t,A)dt > 0. 2.2)
reEA £
(ii)) The functions a(-, A), c(-, A) are measurable on  for all A € A, the functions
a(x,-), c(x, -) are continuous on A forall x € Q,
la(x, A)] le(x, M)
<

o= sup -——— < o0, yi= s
wneaxa b(x, A) neaxa bx,X)

00, (2.3)

and «, y satisfy the inequality
ay < B>

For afixed (k, A) € I x A, afunction z : 2 — Ris called a solution of (2.1) if z is absolutely
continuous and (2.1) holds almost everywhere in 2. Here we are interested in continuous and
bounded solutions of (2.1).

Theorem 2.1. If the coefficients of (2.1) satisfy the conditions (i) and (ii), then there exist
solutions z, (-, \) of the differential equation (2.1) for all (k,A) € I x A such that z, is
continuous on Q x A, bounded by

14
P 1= ———————
K| + VK2 —ay
for all k € I and has the following properties: If k = B, then
Ze(w,)=0 onA.

Ifk <0, then
. c(x, )
| f inf A > L j =
parere Pyl lelze(@, 2) 2 37 i v (x,x)elg,w]xA b(x, 1) g
. | e c(x, A)
lim sup sup [« |z, (@, A) < 37 if y*= <
K—>—00 reA (xeltwlxa D, A)

Proof. First, we define
P(x, )) = —2/ b(t, ))dt, (x, 1) € 2 x A.

Since b(x, -) is continuous on A for all x € 2, |b(-, A)| is bounded by B for all A € A, and
B is locally integrable on €2, Lebesgue’s dominated convergence theorem implies that ¢ is
continuous on 2 x A. In addition, ¢ (-, A) is a non-positive monotonically increasing function
on 2 for all A € A with %4)(3@ A) = 2b(x, X)) and ¢(w, L) = 0. For a fixed index x € I,
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let £, be the space of continuous functions g : 2 X A —> [—,, i, ]. If we introduce the
Chebyshev metric

de(f.8) = sup |f(x, %) —gx, M, [ g €&,

(x,A)eQRxA

then (&, d,) is a complete metric space. Further, if « > f, let

(Feg)(x, 3) 1= —e Y / “lat, gt 1) + el 1)1 e 0D .
and if k < —p, define

(Feg)(x, 1) i= XM /Ox[a(t, Mgt M) +c(t, \)]e ™ 0P dr

for all (x,A) € Q x A and g € &.. From (2.3), |g(z, A)| < u, and a,uf +y = 2lK| e, it
follows that

la(t, M)g(t, M) +c(t, M) e ™ 0N 20k |peb(t, 1) e PEH

0
= sign (=) e o e ey

forall (r, ) € Q x A and g € &,. Hence, if « > B, we have

w
d
[(Feg)(x, M| < =, e”"’("’“/ — e PN dr = p (1 — PEN)

. ot
since ¢ (w, ) = 0 and 0 < e*?™» L 1. Further, if k < —f, we get
X
9 _
[(Feg)(x, V)] < e ew(”)/ 57 ¢ PEN At = pe (1 — Y () ey L,
0

where 1 (1) := lim,_o e “?"* (this limit exists since —k¢ (-, A) is a non-positive increasing
function) and

0< ¥ ekd@h) 1in(1)exp (2/{[ b(s, L) ds) < 1.
t— '

These estimates imply that F,.g is well defined for all g € &, and that |(F,.g)(x, A)| is
bounded by pu, for all (x,A) € Q x A. Moreover, by Lebesgue’s dominated convergence
theorem, F, g is continuous on 2 x A. Hence, F, maps &, into itself. In the following,
we prove that F, : & —> &, is a contraction. For this let g, h € &,. From (2.3) and
lg(t, A)? — h(t, M)?| < 2u,dc(g, h) we obtain that

la(t, M)(g(t, 1) — h(t, M) e "M < 2apd, (g, h)b(t, 1) e P

J
= sign (—)qedi (g, 1) = Rt

for all (x, X) € Q x A where

2

O U K= —ay

O< = :1—7
P x|

< 1.

Hence, if « > B, then
“ 9
[(Fe)(x, A) — (Feh)(x, M| < —qedc (g, h) PP / ge‘“’(’” dr

= qedc (g, ) (1 — ") < gode (g, h),
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and if k < —p, it follows that

* 9
[(Feg)(x, 2) — (Feh)(x, 1) < ged, (g, h) e PP f Eeww dr
0

= ‘]de(g, h)(l - lﬂ()») eK¢(x’)L)) < CIKdK (ga h)
for all (x, ) € Q2 x A. Thus F, is a contraction on &,. Now Banach’s fixed point theorem
implies that there exists a function z, € &  which satisfies z, = F,z., and it is easy to
verify that z, (-, 1) is also a solution of the differential equation (2.1) for all (x, 1) € I x A.
Additionally, z, (w, ) =0on A ifx > B.

In order to prove the first of the last two estimates in theorem 2.1, assume that y, > 0.
Since z, = F,z, and ¢ (w, A) = 0, we obtain

w w
zk(w,k)z'/ c(z,x)e—w“v“dw/ a(t, N)ze(t, A)>e 0P qr
0 0

for all (k, ) € (—oo, —B] x A. From (2.2), (2.3) and the assumption that y, > 0, it follows
that

@ §
2|z (w, A) = / 2y.lk|b(t, 1) e KoM qp _ / 2y lk|b(t, 1) oKD 4y
3 0

w
—/ 20|k |b(t, A) e P dy
0

at t
and further, observing that ¢ (w, 1) = 0,
20Kz (@, 1) = vs — (s +¥) e 0ED 1 (y +apl )Yy (V) — aul
>y — (e +y) e PEN —apu?
>y — () e —apu]

for all k € (—o0, —p]. Since lim,_, _ u,, = 0, we obtain

@9 £ 9 @9
=y, f — e N —y f oA — f — e KN gy
£ o 01 o 0

liminf inf [x|z, (@, A) > 4.
K—>—00 LeA

The proof of the last estimate is analogous. |

3. Dirac systems depending on some parameter

In the following, we consider the family of Dirac systems
Iy (x) + Qi (x, M)y(x) =0, x €Q, (3.1

on the interval Q = (0, w], 0 < w < oo, where k € I := R\(—pf, B) with some 8 > 0, Aisa
parameter varying in some interval A C R, and

(0 1 _(alx,n)  kb(x,))
J-—(_l 0)’ QK(x,/\).—<Kb(x,M c(x,A))’ (x, ) eQ2xA. (32

We assume that the coefficients a, b,c : 2 x A — R of Q, in (3.2) satisfy the conditions
(i) and (ii) of the previous section.

For a fixed (k, A) € I x A, afunctiony : 2 — R? is called a solution of (3.1), if (every
component of) y is absolutely continuous and (3.1) holds almost everywhere in 2. Further,
a fundamental matrix of (3.1) is a function Y : Q —> M;,(R) (the set of all 2 x 2 matrices
over R) with the property that every solution y of (3.1) can be expressed as y(x) = Y (x)c, x €
Q, with some vector ¢ € R>.
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Theorem 3.1. If the conditions (i) and (ii) are satisfied, then, for all (x,
exists a fundamental matrix

M) €I x A, there

uM(x, ) uP(x,r)
Y.(x,)) = @ @ , x € Q, 3.3)
v (x,A) v (x, )
of (3.1) with the following properties:
(a) The functions u(l) v,((” are continuous on Q X A, uf{])(x, A) > 0and
<exp (—\/Kz — ay/ b(t, ) dt) if k€[, 00),
uld (x, 1) N
> exp <\/K2 — ay/ b(t, ) dt) if k€ (—o0,—pf]
forall (x,k, ™) € Q2x 1 x A. Moreover,
v (x, 1)
su K(l)— S o
(neQxA | U (x, A)
forallk €1, v“)(a) ) =0on A forall k € (—oo, —B], and
v (w, 1) 1 . a(x, )
lim sup sup |« | —S—— 1) < — = if o= in > 0,
Kk—+00 AEA (w, A) 2 (x.VelgolxA b(x, A)
<1> A 1 s
liminf inf |K|$ ——a* if a*:= up a@x, 2)
K—>+00 AEA (@, 1) 2 eltolxa b, A)
(b) The functions u(z) v,(f) are continuous on Q X A, v,((Z) (x, 1) > 0and
>exp <\/K2 — ay/ b(t, \) dt) if Kk €l[B, o),
v (x, 1) Y
<exp (—\/Kz — ay/ b(t, ) dt) if k€ (—o00,—p]

forall (x,k,)) € Qx I x A. Inaddition,

u®(x, 1)
sup K(z)i
xnexA | v (x, A)
forallk € I,u®(w,-) =0on A for all k € [B, 00), and
u® A A
liminf inf | 2N S L o= i S
k>0 seh P (g p) 2 (. 0elEwlxA b(x, L)
uP(w,r) 1 , A
lim sup sup |/c| (@, 4) —y* if y*.= up cx, )
Kk—>—00 AEA Dw,n) 2 (elElxa DX, A)

Proof. First we prove (b). For this purpose, consider the family of Riccati equations (2.1),

and let z, (-, 1) be the solutions of theorem 2.1. If we define

v’((Z) (x, 1) :=exp </w a(t, M)z, (t, A) +«b(t, \) dt) ,

(x,A) € Q x A,

and u® := z,v® forall k € I, then the functions u®, v® are continuous on  x A, and, by

(2.1),
0
_U’SZ) —
0x

—au® — kbv?, —u? = kbu® +cv?.

0x
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Thus,
u®(x, )
D, )= <77 , x € Q,
Vi ( ) (U,EZ)(X,)\-)

is a nontrivial solution of (3.1) for all (x, A) € I x A. Further,
(signk) (az, +kb) = (|K| + (signK)Z—lzK> b

> (k| — )b = /x> —ay b
implies the first two estimates in (b). Finally, by theorem 2.1,
u® (x, )
K@
vK ('x7 )\')
forallk € I,uP(w,-) = 0on A forall k € [, 00), and the last two estimates in (b) follow
from the definition of #® and from the last two estimates in theorem 2.1.

In order to prove (a), we construct a solution of (3.1) which is linearly independent of y?
by considering the Riccati differential equations

w'(x) = c(x, Dwx)? = 2kb(x, Mwx) +alx, L), x € Q. (3.4)

Applying theorem 2.1 with a, ¢ exchanged and « replaced by —k, we obtain that (3.4) has
solutions w, (-, A) for all (k, A) € I x A with the properties that w, is continuous on 2 x A
and bounded by

sup
(x,A)eQXA

< elwe <y

o
Ve =

e
K| + k%> — ay

forallx € I, we(w,-) =0on A for all k € (—o0, —f], and

liminf inf |x|we (o, A) > 1o, if >0, (3.5)

K—>+00 LEA

lim sup sup |« |w (@, 1) < 1o if of <0. (3.6)

K—>+00 LeA
If we define

w
uld (x, 1) 1= exp (/ c(t, w,(t, ) — kb(t, 1) dt) , (x,2) € Q x A,
X

and vV := —w,uV forall k € I, then u'1, vV are continuous functions on  x A, and, by
(3.4),

9 (eY] QY] (1 J (1 QY] (1

e = kbu,’ +cv.”’, ol = Tau; — kbv, .
This implies that

(1)
u(x, A)
D, n=( , X,h) € QX A,
Ve (X, 4) (vy)(x, » ) (x, 4)

is also a nontrivial solution of (3.1) for all (x, A) € I x A. The first two estimates in (a) follow
from

(sign ) (cw, — kb) = <—|,<| + (sign/c)%w,() b < (—lk| + yv)b = —/x2 —ayb.
In addition, by theorem 2.1,
v (x, 1)
sup 0, < kv < «
(. eQxA | U (x, A)
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forall k € I, v,sl)(a), ) = 0 on A for all k € (—o0, —f], and the last two estimates in (a)
follow from the definition of v,El) and from (3.5) and (3.6).
Finally, defining Y, (x, A) as in (3.3) and observing that

k| — /Kk? —ay

PV = ————
T ke —ay

we conclude that on 2 x A

<1,

detY, = u"vP (1 +wezo) = uPv@ A — |||z, ])
> uMv® (1 = eve) > 0,

and therefore Y, (-, 1) is a fundamental matrix of (3.1) for all (k, X) € I x A. ([l

As a special case, we consider Dirac systems (3.1) with b(x, 1) = %, that is,

, <a(x, Nk )
Jy'(x) + y(x) =0, x € Q. 3.7
° c(x, A)

Corollary 3.2. Suppose that in (3.7) the functions a(-, 1), c(-, \) are measurable on 2 for all
A € A and the functions a(x, -), c(x, -) are continuous on A for all x € Q. If
o= sup [|xa(x, )| < oo, y = sup |xc(x,A)] < oo,
(x,A)eQxA (x,A)eQxA

and the estimate ay < /32 — % holds, then, for all (k,)) € I x A, (3.7) is in the limit point
case at x = 0. Moreover, the Dirac system (3.7) has a square-integrable solution

u,e(x, A))

Q
Ve (2, A) TeR

yl((-xa)") = (

such that y, is continuous on Q x A, where u,(x,A) > 0if &k > B and v.(x,1) > 0 if
k < —B. In addition,

. Ve (x, 1) . ue(x, 1)
limsup  sup <a, limsup  sup K <y,
K—>+00  (x,A)EQXA ue(x, A) k—>—00 (x,0)eQxA | Vk (x, 2)
and
. . . vl( (C(), )") .
liminf inf |k | ———= > 0 if sup xa(x,A) <0,
k—>+00 AeA MK(U)v )\) (x,M)elé o] xA
e uc(w, A) . .
liminf inf |x|——— > 0 if inf xc(x,A) >0
k—>—00 reA Ve (w, X) (x.2)€ElE 0]x A

with some point & € (0, w).

Proof. If we set b(x, A) := % (x,A) € Q x A, then the functions a,b,c : 2 x A — R
satisfy the conditions (i) and (ii) of section 2, and the differential equation (3.7) has the form
(3.1). Hence theorem 3.1 can be applied to (3.7). Since

f b(:,x)dr:log(f), xeQ,
X

X

we have

exp (:l:\//(2 —ay / b(t, \) dt) = @tV Ty F K ey x € Q.
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Now let Y, (x, 1) = (ylgl)(x, L) yl?) (x, A)) denote the fundamental matrix of (3.7) obtained
from theorem 3.1. The latter and the definitions of v{" and # in its proof yield that

[yP e, M| < Cex Ve, [y @, W] 2 Cax Vi if ke [B,00),
O] 2 CoaxrVEmr P )| < G if K € (=00, —p]

with some positive constants C, and E‘K (here | - | denotes the Euclidean norm in RZ). Therefore,
since \/k?2 —ay > % by assumption, the square-integrable solutions of (3.7) are constant
multiples of the functions

y,il)(x,)») if « €[B,00),
Ve, A) 1= o) .
v (x, ) if k€ (—o0,—pl],
and the properties of y, (x, A) follow from the results in theorem 3.1. ]

Remark 3.3. In particular, corollary 3.2 implies that v, (w, X) > 0,1 € A, for sufficiently
large |k | and

ue(w, ) . ue(w, )

— 1 =0, inf ———~ — +00 for « — +oo,
ve(w, 1) red ve(w, A)

ifa(x, ) < A < Oforall (x, ) € [£, w] x A with some point £ € (0, ). Similarly, we have
u.(w,A) > 0, A € A, for sufficiently large |« | and

Ve (@, A) )
— 1 =0, inf ———— — +00 for « — —o0,
uc(w, A) red u(w, A)

provided that c(x, A) > C > O forall (x, X) € [§, w] x A.

lim sup
K—>—00 AEA

. e (@, )
lim sup
K—>+00 rEA

4. Principal solutions of Dirac systems

In the following, we present a continuity property and a comparison theorem for the principal
solutions of (3.1) when « is fixed. The notion of principal solutions has been introduced
first for Sturm—Liouville problems (see, e.g., [5, chapter XI, section 6] or [8, chapter IV,
section 3]). A nontrivial solution y, : & —> R of (3.1),
Mo(x)>
X) = , x € Q,
Yo(x) <v0 )
is called principal (at x = 0), if there exists a real-valued solution y of (3.1),
u(x)
= Q
y(x) (U(x)) , x €Q,
which is linearly independent of y,, and either of the pair of conditions v(x) # O,
lim,_¢ 'ﬁ’((;‘)) = 0 or u(x) # 0,lim,_, L;O(()}X)) = 0 holds in a neighbourhood of x = 0 (see
section 2 in [10]).
In order to specify the principal solutions of (3.1) for fixed «, we consider the fundamental
system of solutions

M(x, A @ (x, A
= (Z‘”Z,AD’ = (5@&5)

from theorem 3.1, and we define
y(l)(x, L) if « >0,
y@(x, 1) if x <O.

Here and in the rest of this section, the index x will always be omitted.

Yo(x, &) = {
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In addition to the conditions (i) and (ii), we will also need the following assumption on
the coefficient b:

(iii) Foreach A € A we have/ b(t,\)dt - oo if x — 0.

An immediate consequence of (iii) and theorem 3.1 is:

Proposition 4.1. Ifthe conditions (i), (ii) and (iii) hold, then the function yo(-, A) is a principal
solution of (3.1) for every A € A. In addition, for a fixed » € A, a solution y of (3.1) is
principal if and only if y = Cyy(-, ) with some constant C € R\{0}.

We can also characterize the principal solutions of (3.1) by the asymptotic behaviour of
the Priifer angles at the origin. If y : & —> R? is a nontrivial solution of (3.1),

y(x) = (u(x)), x €,

v(x)
then we can write the components of y in polar coordinates:
u(x) = p(x)cos p(x), v(x) = p(x)sing(x), x €Q,

with p(x)? = u(x)? + v(x)? # 0 and

{arctan% if w(x)#0,

arccot ) if wv(x) #0,

where the branches of arctan and arccot are chosen such that ¢ : @ — R is absolutely
continuous. The function ¢ is called Priifer angle (or angle function) of y and it is uniquely
defined up to an additive constant kw (k € Z).

Proposition 4.2. Suppose that the conditions (i), (ii), and (iii) are satisfied. For a fixed
A € A, let y be a nontrivial solution of (3.1). Then every Priifer angle of y is bounded on 2.
Moreover, y is principal at x = 0 if and only if there exists an Priifer angle ¢o of y such that
forall x € Q

.1

Proof. ForafixedA € A,lety = y(-, 1) : Q — R? be a nontrivial solution of (3.1),
_fux)
y(x) = <v(x)) , x € Q.

Then there exist constants c¢i,c» € R,|ci| + |ca] > 0, such that y(x) = ¢;yP(x, 1) +
c2yP(x, 1) for all x € Q. First we suppose that « > 0. If ¢, = 0, then y is principal at x = 0,
and from [0 (x, 1) < 2uD(x, 1) it follows that

v(x)

u(x)

v (x, ) o
<—<1
u®(x, A) K

(note that ¥ (x, 1) > 0 for all (x, 1) € 2 x A). Hence, if we define ¢(x) := Arctan 2

u(x)’
T

where Arctan : R —> (—7, 7) denotes the main branch of the function arctan, then ¢ is an
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Priifer angle of y and ¢y(x) € (—%, %) for all x € Q. Now, let ¢; # 0. Since v®(x, 1) > 0
forall (x, 1) € 2 x A and

w0
v@(x, 1) _x1~>0

v (x, )
— =0,
v@ (x, 1) xeQ

uP@x, )|y

v, A | k]

x—0

we obtain that

o vP(x,n) 0 v (x,A)
G | < p < 1. 4.2)
c v@(x,1)

v(x

lim sup
x—0

= lim sup

g uVexn) , u? 0
‘ x—0

Since any Priifer angle ¢ of y has the form
¢(x) = Arccot@ + ki,
v(x)

where Arccot : R — (0, 7r) is the main branch of arccot and k € Z, it follows that ¢ is
bounded on €2, and (4.2) implies thatkmr + 7 < ¢(x) < km + 37” in a neighbourhood of x = 0.
In particular, ¢ (x) ¢ (— oy %) for sufficiently small x € Q2. By a similar reasoning, we obtain
the assertion for k < 0. O

The following result is a comparison theorem (with respect to the parameter A) for the
principal solutions of (3.1).

Theorem 4.3. Suppose that Q has the form (3.2) and that the conditions (i), (ii) and (iii) are
satisfied. Moreover, let yo(-, A) be a principal solution of (3.1) for every A € A, and assume
that ¢o(-, L) is the Priifer angle of yo(-, A) which satisfies (4.1) for all x € Q.

(a) If OQ(,A1) = QC, X ) holds a.e. in 2 for all .y < X, in A, then the function
A+ ¢o(w, A) is increasing on A.

(b) If Q(,A1) < QG, X ) holds a.e. in Q for all .y < Xy in A, then the function
A > ¢o(w, L) is decreasing on A.

Proof. Here, we will verify only (a) in the case k > 0; the proof of the remaining assertions is
analogous. To this end, we assume to the contrary that ¢g(w, X1) > ¢o(@, A2) holds for some
)\.1 < )Lz in A. Let

_ Po(w, A1) + ¢o(w, A2)
5 )

If y is the solution of (3.1) for A = A; which satisfies
cosf
() = (sin0> ’

then y and yo(-, A1) are linearly independent due to the choice of 6. Moreover, if ¢
denotes the Priifer angle of y with ¢(w) = 0, then ¢p(w, 1) > ¢(w) > Po(w, 12).
Since —Q(-, A1) < —Q0(, Ap) holds a.e. in 2, we can apply the Comparison theorem
16.1 in [13] which yields ¢o(x, ;) = ¢(x) = ¢o(x, Ay) for all x € (0,w]. From
do(x, A) € (=Z,%),i € {1,2}, it follows that ¢(x) € (—Z, %) for all x € Q. Hence,
by proposition 4.2, y is a principal solution of (3.1), and proposition 4.1 implies that y is a
constant multiple of yo(-, A1), a contradiction. |

0 :
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5. Application to the Dirac operator

In the following, we apply the results of the previous sections to the Dirac operator
H=—ia-V+as+V(xDI

in L2(R*)* with a spherically symmetric potential V : (0, c0) — R. The units are chosen
suchthati =m = ¢ =1, I is the 4 x 4 unit matrix, and

a = (g, 02, a3),

where «; are Hermitian 4 x 4 matrices satisfying the commutation relations

aiaj+otjoz;:285j1, l,]E{O,,3}
Further, we assume that the potential V satisfies
1
L) V e Ly.(0, 00), lim V(x) =0, limsup [xV (x)| < 5\/3
X—>00 x—0

Then, by [11, theorem 1], the operator H is self-adjoint on the domain D(H) = H! (R3)4,
and
Oess(H) = (=00, —1] U [1, 00).

Since V is spherically symmetric, there exists an orthogonal decomposition
L)
L®Y = P P S
KeZ\{0} £=1

which completely reduces H (see [13, section 1]), and the restriction H | S ¢ of H to S, ¢
is unitarily equivalent to the so-called radial Dirac operator H, (or separated Dirac operator,
compare [3]) given by

. oy —14+ V() £ 0
y(x) =Jy x)+ : 1+ V) y(x), x € (0, 00),

and D(H,) = H' (0, 00)?. In particular, each H, is a self-adjoint operator and
()

H= P P H..

keZ\{0} £=1

Now, from theorem 16.6 in [13] it follows that R\(—1,1) C o0es(H,), and since
Oess(H) N (=1,1) = @, theorem XIII.85(d) in [9] implies that o.(H,) N (—1,1) = @.
Hence, 0.ss(H,) = (—o0, —1] U [1, 00) is the essential spectrum of the radial Dirac operator
H,. Moreover, by theorem XIII.85(e) in [9], we have the following relation between the point
spectra of H and H,:

op(H)= | op(Ho.
KEZ\0)
This means, a point A € R is an eigenvalue of H if and only if there exists an index « € Z\{0}
such that X is an eigenvalue of H,.

Since o (H) = R\(—1, 1), H has only discrete eigenvalues of finite multiplicity in the
gap (—1, 1), and these eigenvalues can accumulate at most at the boundary points £1. In the
following, we investigate the problem whether 1 are accumulation points of eigenvalues of
H or not.
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Theorem 5.1. Let Ag € (—1, 1) and set A = [Ag, 1). If liminf,_ o x>V (x) > —o0, then H,
has no eigenvalues in A for sufficiently large |k |.

Proof. A point 1 € (—1, 1) is an eigenvalue of H,, x € Z\{0}, if and only if the Dirac system

, Vix)—1—2x - _
Jy'(x) + ( « Vi) 41— A) y(x) =0, x € (0, 00), 5.1

has a nontrivial solution y € L2(0, 00)%>. Now, we fix some 0 < & < 1+ Ag. As
lim, o V(x) = 0 and liminf,_ o x>V (x) > —oo, there exist a point £ € (0, c0) and a
constant n > 0 such that |V(x)| < ¢ and V(x) > —X—"z for all x € [£,00). Setw := & + 1.
Further, since V is locally bounded on (0, co) and limsup,_,, [xV (x)| < oo, there exists a
constant p > 0 with the property that [V (x) =1 — 1| < f for all x € Q := (0, w) and
A e A If wedefinea(x,)) :=V(x)—1—A,c(x,A) :=Vx)+1—2Aand b(x, 1) := %
for (x, A) € Q x A, then the functions a, b, ¢ : 2 x A —> R satisfy the conditions (i), (ii)
and (iii) specified in sections 2 and 4, and the differential equation (5.1) has the form (3.1). In
particular,
o:= sup |xalx,N)]| < p, y:= sup |xc(x,N)| < p.
(x,1)EQXA (X, )EQXA

With some constant 8 such that 82 > p? + i, corollary 3.2 implies that the Dirac system (5.1)
has square-integrable solutions

_ fue(x, A)
yK(xa )") - (UK(.X, )\’)> ’

such that y, is continuous on Q2 x A forall k € I := R\(—8, B), u,(x,A) > 0ifk > B and
ve(x, A) > 0if k < —B. Moreover, since a(x,A) <& —1— Ay < 0forall x € [£, w], there
exists a number x; > 0 such that v, (w, 1) > O for all || > «, and

K ’ )“ . K £ )"
M =0, inf M — +00 for « — 400 5.2)
Ve (w, X) red ve(w, A)
(see remark 3.3). Now, since (5.1) is in the limit point case at x = 0 for all («, A) € I x A by
corollary 3.2, a point A € A is an eigenvalue of H, if and only if (5.1), restricted to [w, 00),

has a solution y € L?[w, 00)? satisfying the interface condition
y(@) = Cyc(w, 1) (5.3)

with some constant C € R\{0}. In the following, we will reduce the eigenvalue equation for
H, to a A-nonlinear Sturm-Liouville problem on the interval [w, 00). For fixed A € A, by the
transformation

x € Q,

lim sup
K—>—00 AEA

yo=(5) 0 et o0, (5.4
x “w(x)
the system (5.1) on the x-interval [w, 00) is equivalent to the Sturm—Liouville equation
(Pe(x, MW (%) = g (x, Mw(x) = 0, x € [w, 00), (5.5)
where
x—2K 5
(X, A) = —————, () =x"F(1 -2+ V(x)), 5.6
Pe(x, ) AV g (x, A) = x"7( (x)) (5.6)

and wW(x) = p,(x, M)w’(x). In order to establish the boundary conditions, we write (5.3) in
the form
2 Pe(@ Mw'(@)  ue(w, 1)

w(w) T ve(@, ) ©-)
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Further, from lim,_ o, V(x) = 0 it follows that g, (x, 1) > O for sufficiently large x, and
lemmas A.1 and A.2 in [10] imply that a solution w of (5.5) satisfies x “w, xW € L?[w, 00)
if and only if w is principal at co. Hence, a point A € A is an eigenvalue of H, if and only if
there exists a principal solution w = w, (-, ) of (5.5) satisfying (5.7). Next, we will establish
some bounds on the left-hand side of (5.7). Note that

. —2K+2
< A ———— 5.8
2+¢ plx.4) 1+Xo—¢ (5.8)
and
—x < g, 0) < (1= rp+e)x 6.9

for all x € [w, 00) and (k, 1) € I x A. If we define

2 e
[ I ——
K—%+\/(K—%) +1—(h —&)?

2
O’K:=K+%—\/<K+%> —nR+¢) = n2+e)
bl ) —n@e)

for all |x| > x, with some constant k, > % + /(2 + ¢), then x* is a principal solution of the
Euler equation

242 /
— W) = =r+e)x *wkx) =0, x € [w, 00),
1+ )\.0 — &
and x°¢ is a principal solution of the Euler equation
X2 /
( w’(x)) +x 22w (x) =0, x € [w, 00).
2+¢

Because of the estimates (5.8) and (5.9), we can apply the comparison theorem [5, chapter XI,
corollary 6.5] which yields that a principal solution w, (-, A) of (5.5) satisfies w,(w, A) # 0
and
pK w72K+1 g pK (C(), )")w,,( ((1), )") g Oy 0)72’(71
1+Xo—¢ wy(w, A) 2+¢
for all (x, A) € I x A. Hence,
< P, Mw, (0, 1) < 1 o
we(w, A) w2+¢)
forall (k, 1) € I x A. Sincelim,_, ;o0 P = lim,_, ;o0 0, = 0and p,, 0, — —00asKk — —00,
we obtain that

1+)L0—8

2k pk(w’ )»)w,’{(a), )") — 0

lim sup |w
K400 3 e wy (w, 1)

and
2¢ Dic (@, Mw), (o, 1)
sup @
reA we (@, 1)
Finally, this result and the asymptotic behaviour (5.2) of the right-hand side of (5.7) for

k — oo imply that the equation in (5.7) cannot hold for any A € A if || is sufficiently large.
O

for k¥ — —o0.
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Theorem 5.2. For a fixed k € Z\{0}, the discrete eigenvalues of the radial Dirac operator
H, accumulate at 1 if
lim suprV(x) < —%(2/( +1)?,
X—>00

and they do not accumulate at 1 if

liminf x*V (x) > —4 (2 + 1),
X—>00

Proof. Let « € Z\{0} be fixed and set A := [0, 1). Since limsup,_,, [xV (x)| < %\/g, there
exist a point @ € (0, 00) and a constant 0 < p < % 3 such that |V(x) =1 — A] < f for
allx € Q:= (0,w]and A € A = [0, 1]. If we define a(x, 1) :== V(x) — 1 — A, c(x, 1) 1=
Vx)+1—Aiand b(x, A) := % for (x, 1) € Q x A, then the functions a, b,c: 2 x A — R
satisfy the conditions (i), (i) and (iii) specified in sections 2 and 4, and the differential
equation (5.1) has the form (3.1). In particular,

a:= sup |xa(x,r)] < p, Y= sup |xc(x, )| < p,
(x, ))EQXA (x,))EQXA
and p? < % <k? - i. Now, from corollary 3.2 and proposition 4.1 it follows that the Dirac
system (5.1) has square-integrable principal solutions
uo(x, A)
A) = Q
Yo(x, A) (vo(x,k)> , x e,

such that y; is continuous on € x A. Moreover, if ¢(-, 1) is the Priifer angle of yy(-, 1) which
satisfies (4.1) forall (x, A) € 2 x A, then theorem 4.3 implies that the function A — ¢y (w, A)
is monotonically increasing on the interval A. By the existence and uniqueness theorem (see
[13, theorem 2.1], for example), we can extend the solution y, of (5.1) and its Priifer angle ¢y
continuously to (0, c0) x A, and the comparison theorem 16.1 in [13] yields that the Priifer
angle ¢ (x, -) is increasing on A for every x € [w, 00).

Now, as lim,_,» V(x) = 0, there exists a point & € (w, 00) such that |V (x)| < 1 for all
x € [£,00). Note that (5.1) is in the limit point case at x = 0 for all A € A. Hence, for any
T € [£,00),apoint A € A is an eigenvalue of H, if and only if (5.1), restricted to [, 00), has
asolution y € L?[t, 00)? satisfying the interface condition

y(1) = Cyo(t. ) (5.10)

with some constant C € R\{0}. As in the proof of theorem 5.1 we will reduce the eigenvalue
equation for H, to a A-nonlinear Sturm-Liouville problem on the interval [t, c0). By the
transformation (5.4), the system (5.1) on the x-interval [, 00) is equivalent to the Sturm—
Liouville equation (5.5) with coefficients (5.6) (note that 1 + 1 — V(x) > 1 — V(x) > O for
all x > 7 and A € A). Further, if we define

a(r) =1 up(z, A), B) = =1 vo(, 1),
then the interface condition (5.10) is equivalent to
a(Mw(r) + B w(r) =0. (5.11)

Now, from lemmas A.1 and A.2 in [10] it follows that a solution w of (5.5) satisfies
x “w, x“W € L?[r, 00) if and only if w is principal at co. Therefore, a point A € A is
an eigenvalue of H, if and only if there exists a principal solution w of (5.5) satisfying (5.11).
Hence, the eigenvalues of H, in A coincide with the eigenvalues of the A-nonlinear Sturm—
Liouville problem (5.5) and (5.11). Such A-nonlinear boundary value problems have been
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considered in [10], and in order to apply the results therein, we need to verify the conditions
()—(iv) and (P), (M) specified in section 4 of [10].

Obviously, p, > 0, and the functions p,(_l, g, are continuous on [, 00) X ‘A, which
shows (i) and (ii). Moreover, there exists a continuous function ¢ : A — (t, 00) such that
V| < %(1 — A)on [¢(A),00) forall A € A, and we obtain the estimates

1 2k 1 2K 1 —2K 3 —2k
xS ——— < 2x7, S =)™ <gex, 1) < (1 —2)x
2 Pie(x, 1) 2 2
for x € [¢(X), 00) and A € A. Hence, by thg)rem 4.4 in [10], the conditions (iii) and (P) are
satisfied. Additionally, the functions «, 8 : A — R are continuous, and since &(r, A) #0
by the existence and uniqueness theorem, we have |a(A)|+|8(L)| # Oforall A € A. Since the
function x ~ vy (-, 1) is a nontrivial solution of (5.5) on [£, 7], it has no accumulation points of
zeros in this compact interval according to the separation theorem. Hence, we can assume that
vo(7, 1) # 0 (otherwise, replace T by a point in [£, t] with this property). Now, as vo(t, A)
depends continuously on A € A, we can find a point © € A such that vo(r,2) > 0 and
therefore B(1) # O for all A € [u, 1]. Hence, condition (iv) is satisfied. It remains to verify

(M). Since
uo(t, A)
vo(T, )
with some constant k = k(A) € Z and ¢y(t, -) is monotonically increasing on [u, 1), we
obtain that the mapping
()
— — =
B
is also increasing on [u, 1). Moreover, p, (x, -) and g, (x, -) are decreasing with respect to A
for each x € [1, 00), and therefore the monotonicity condition (M) is satisfied on [u, 1).

Now, corollary 4.1 in [10] yields that the eigenvalues of the radial Dirac operator H, in
the interval [u, 1) accumulate at 1 if and only if

<x—2Kw/(x)
2—Vx)

is oscillatory at co. Further, we can apply Sturm’s comparison theorem to (5.12) and the Euler
equation

¢o(t, A) = Arccot + ki

—17% cot go(t, 1)

)—x4ﬂamw@)=o (5.12)

@' (x) — nx? " tw(x) = 0. (5.13)

which is oscillatory if n < —1y? and non-oscillatory if 7 > —1y? (note that xTavEVIY
are fundamental solutions of (5.13)). Hence, if

limsupx*V (x) < —§(2k + 1)*,
X—>00

then (5.12) is oscillatory at oo, and if
liminf x*V (x) > —§ (2« + 1)*,
X—>00
then (5.12) is non-oscillatory, which completes the proof of theorem 5.2. ]

Remark 5.3. Theorem 5.2 was proved in [10] under the additional assumption that
fol [V(x)— §| dx < oo with some p € [0, %ﬁ) Under stronger assumptions like continuous
differentiability and boundedness at O of the potential it was proved before by [4]. The

condition V € L3.(0, 00) in (L) is needed in the following theorem on the whole Dirac
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operator H, in contrast to all other above-mentioned papers where only the radial Dirac
operators H, are studied.

Theorem 5.4. Suppose that the potential V fulfils the assumption (L). Then the eigenvalues
of the Dirac operator H in (—1, 1) accumulate at 1 if

lim suprV(x) < —%,
X—>00

and they do not accumulate at 1 if
liminf x*V (x) > —4.
X—> 00
Proof. Note that 1 is an accumulation point of eigenvalues for H if there exists at least one
H,,« € Z\{0}, such that 1 is an accumulation point of eigenvalues for H,. Moreover, 1 is
no accumulation point of eigenvalues for H if at most finitely many H, have at most finitely
many eigenvalues in (0, 1). Now the assertions follow from theorems 5.2 and 5.1. ]

By a similar reasoning, reducing (5.1) to a Sturm-Liouville equation for the first
component in (5.4), we obtain analogous results concerning the accumulation of eigenvalues
of H at —1:

Theorem 5.5. Suppose that the potential V fulfils the hypothesis (L). Then the eigenvalues of
the Dirac operator H in (—1, 1) accumulate at —1 if

liminf x?V (x) > 1,

X—>00

and they do not accumulate at —1 if

lim supsz(x) < %
X—>00

Remark 5.6. It is well known (compare [12, theorem 10.37]) that —1 is not an accumulation
point of eigenvalues of the Dirac operator H if the potential V is non-positive, i.e., V(x) < 0
for x € (0, 00). Theorem 5.4 reproves this result since in this case limsup,_, . x?V (x) < %
In [6] the example of a potential V(x) = —C/(1 + x?) with some positive constant C is
considered, and it is proved that the gap (—1, 1) contains infinitely many eigenvalues if C > é
but only a finite number if 0 < C < % The same result can be obtained by theorems 5.4 and
5.5 observing that lim,_, o, x>V (x) = —C.
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